Abstract. In this paper we extend the concept of energy to signed digraphs. We obtain Coulson's integral formula for energy of signed digraphs. Formulae for energies of signed directed cycles are computed and it is shown that energy of non cycle balanced signed directed cycles increases monotonically with respect to number of vertices. Characterization of signed digraphs having energy equal to zero is given. We extend the concept of non complete extended p sum (or briefly, NEPS) to signed digraphs. An infinite family of equienergetic signed digraphs is constructed. Moreover, we extend McClelland's inequality to signed digraphs and also obtain sharp upper bound for energy of signed digraph in terms the number of arcs. Some open problems are also given at the end.
introduction
A signed digraph (or briefly sidigraph) is defined to be a pair S = (D, σ) where D = (V, A ) is the underlying digraph and σ : A → {−1, 1} is the signing function. The sets of positive and negative arcs of S are respectively denoted by A + (S) and A − (S).
Thus A (S) = A + (S) ∪ A − (S). A sidigraph is said to be homogeneous if all of its arcs have either positive sign or negative sign, otherwise heterogeneous. A sidigraph without orientations of its arcs (when it is regarded as a simple undirected sigraph) is known as its underlying sigraph and is denoted by S u . Two vertices are adjacent if they are connected by an arc. A path of length n−1 (n ≥ 2), denoted by P n , is a sidigraph on n vertices v 1 , v 2 , · · · , v n with n − 1 signed arcs (v i , v i + 1). A cycle of length n, is a sidigraph having vertices v 1 , v 2 , · · · , v n and signed arcs (v i , v i + 1) i = 1, 2, · · · , n − 1 and (v n , v 1 ). A sidigraph is linear if each vertex has both indegree and outdegree equal to one. The sign of a sidigraph is defined as the product of signs of its arcs. A sidigraph is said to be positive (negative) if its sign is positive (negative) i.e., it contains an even (odd) number of negative arcs. A signed digraph is said to be all-positive (respectively, all negative) if all its arcs are positive (negative). A signed digraph is said to be cycle balanced if each of its cycles is positive, otherwise non cycle balanced. Throughout this paper we call cycle balanced cycle a positive cycle and non cycle balanced cycle a negative cycle and respectively denote them by C n and C n , where n is number of vertices.
A sidigraph is symmetric if (u, v) ∈ A + (S) (or A − (S)) then (v, u) ∈ A + (S) (or A − (S)), where u, v ∈ V (S). A one to one correspondence between sigraphs and symmetric sidigraphs is given by S ← → S , where ← → S has the same vertex set as that of sigraph S, and each signed edge (u, v) is replaced by a pair of symmetric arcs (u, v) and (v, u) both with same sign as that of edge (u, v) . Under this correspondence a sigraph can be identified with a symmetric sidigraph. A sidigraph is said to be skew symmetric if its adjacency matrix is skew symmetric. A skew symmetric sidigraph is obtained by replacing each edge of sigraph by a pair of opposite oriented and opposite signed arcs. We denote a skew symmetic digraph of order n by S n .
Two sidigraphs (sigraphs) on same number of vertices are said to be cospectral if they have same spectrum. Acharya, Gill, Patwardhan [2] introduced the concept of Quasicospectrality in digraphs (graphs). Two digraphs (graphs) G and H of same order are said to be quasicospectral if there exist sidigraphs (sigraphs) S and S ′ on G and H respectively which are cospectral. The weighted directed graph S of an n × n matrix M = (m ij ) of reals consists of n vertices, with vertex i joined by a directed arc with weight m ij to vertex j if and only if m ij is non-zero. In case the matrix consists of entries −1, 0 and 1, then we get a sidigraph. Thus there is a one to one correspondence between the set of integral (−1, 0, 1)-matrices of order n and set of sidigraphs of order n.
The cartesian product (or sum) of two sidigraphs S 1 = (V 1 , A 1 , σ 1 ) and S 2 = (V 2 , A 2 , σ 2 ) denoted by S 1 × S 2 is the sidigraph (V 1 × V 2 , A, σ), where the arc set is that of the cartesian product of unsigned digraphs and the sign function is defined by
The Kronecker product (strong product or conjunction) of two sidigraphs
, where arc set is the arc set of underlying unsigned digraphs and the sign function is defined by
The adjacency matrix of a sidigraph S whose vertices are v 1 , v 2 , · · · , v n is the n × n matrix A(S) = (a ij ), where
The characteristic polynomial |xI − A(S)| of the adjacency matrix A(S) of sidigraph S is called the characteristic polynomial of S and is denoted by φ S (x). The eigenvalues of A(S) are called eigenvalues of S. The following is the coefficient Theorem for sidigraphs [2] Theorem 1.1. If S be a sidigraph with characteristic polynomial
,
denotes number of components of L and c(L) denotes the set of all cycles of L and s(Z) the sign of cycle S.
If S is an undirected sigraph then S can be viewed as a digraphS by identifying each signed edge of S with a directed cycle of length 2 with each arc having same sign as that of the corresponding edge. For undirected sigraphs Theorem 1.1 takes the following form [10] . Theorem 1.2. If S is a sigraph with characteristic polynomial
for all i = 1, 2, · · · , n, where £ i is the set of all basic figures L of S of order i, p(L) denotes number of components of L and c(L) the number of cyclic components of L.
The spectral criterion for cycle balance of sidigraphs (sigraphs) given by Acharya is as follows. Theorem 1.3 [1, 2] . A sidigraph (sigraph) is cycle balanced (balanced) if and only if it is cospectral with the underlying unsigned digraph (graph).
Energy of sidigraphs
For spectra and energy of graphs and digraphs see [5, 6, 11, 12, 15] . Germina, Hameed and Zaslavsky [7] defined energy of a sigraph to be the sum of absolute values of sigraph eigenvalues. In this section, we extend the concept of energy to sidigraphs. Unlike sigraphs the adjacency matrix of a sidigraph need not be real symmetric, so eigenvalues can be complex numbers.
Definition 2.1. Let S be a sidigraph of order n having eigenvalues z 1 , z 2 , · · · , z n . The energy of S is defined as
where ℜz j denotes real part of complex number z j .
If S is a signed graph and ← → S be its symmetric sidigraph, then clearly A(S) = A( ← → S ) and so E(S) = E( ← → S ). In this way, definition 2.1 generalizes the concept of energy of undirected sigraphs. Example 2.3. Let S be an acyclic sidigraph. Then by Theorem 1.1, the characteristic polynomial of S is φ(S) = x n , so that spec(S) = {0 n } and hence E(S) = 0.
Example 2.4. Consider S n , the skew symmetric sidigraph on n ≥ 2 vertices, then by Theorem 1.1, φ Sn (x) = x n−2 (x 2 + (n − 1)) so that eigenvalues are 0 n−2 , ±ι √ n − 1. Thus all skew symmmetric sidigraphs are cospectral with energy equal to zero. and E(S) = 2 √ 2.
Example 2.6. Let S be a sidigraph having n vertices and unique cycle of length r, where 2 ≤ r ≤ n. Then by Theorem 1.1, 
Theorem 2.7. Let S be a sidigraph on n vertices and S 1 , S 2 , · · · , S k be its strong compo-
Proof. Let Y = {a ∈ A(S) : a / ∈ c(S)}, where c(S) is the set of all cycles of S. By Theorem 1.1, φ S (x) = φ S−Y (x), where S − Y is the sidigraph obtained from S by deleting the non-cyclic arcs. Clearly, S − Y = S 1 ⊕ S 2 ⊕ · · · ⊕ S k and adjacency matrix of sidigraph S − Y is in block diagonal form with diagonal blocks as the adjacency matrices of strong Unlike unsigned strong component, energy of a signed directed strong component can be zero, for example, sidigraph S 1 in Figure 2 . The following result characterizes sidigraphs having energy equal to zero. Theorem 2.10. Let S be a sidigraph of order n. Then E(S) = 0 if and only if S satisfies one of the following conditions (I) S is acyclic (II) S is skew symmetric (III) for each i = 1, 2, · · · , n, the number of linear sidigraphs of order i of type a or type d is equal to number of linear sidigraphs of order i of type b or type c. Proof. Let S be a sidigraph of order n. If S is acyclic, then by Lemma 2.9, φ S (x) = x n and so E(S) = 0. If S is skew symmetric sidigraph, then the eigenvalues of S are 0 n−2 , ±ι √ n − 1, therefore E(S) = 0. If S satisfies (III), then by Lemma 2.9, φ S (x) = x n , so that E(S) = 0.
Conversely, if E(S) = 0, then either eigenvalues of S are 0 n−2 , ±ι √ n − 1 or all equal to zero. Using the fact that a real matrix is skew symmetric if and only if all its eigenvalues are of the form ±ια, where α ∈ R and by Lemma 2.9, the result follows.
Computation of energy of signed directed cycles
We first calculate energy formulae for positive cycles. Let C n be a positive cycle on n ≥ 2 vertices. The characteristic polynomial of C n is φ Cn (x) = x n − 1, so that the eigenvalues are e 2πιj n , j = 0, 1, · · · , n − 1, ι = √ −1. Consequently energy of C n is
Given a positive integer n, it has one of the forms 4k, or 2k + 1, or 4k + 2, where k ≥ 0.
If n = 2k + 1, then
We now calculate exact formulae for the energy of negative cycles of length n. Let C n denote the negative cycle with n vertices. Then φ Cn (x) = x n + 1 and so Spec(C n ) = e (2j+1)πι n , j = 0, 1, · · · , n − 1, ι = √ −1. Therefore energy is given by
If n = 2k + 1, then since −1 is the eigenvalue of C n , we have spec(C n ) = −spec(C n ), and so E(C n ) = E(C n ).
Summarizing, all the above cases can be written as follows:
, if n = 4k + 1 or n = 4k + 3, 2 cot π n , if n = 4k + 2.
Pena and Rada [15] proved that the energy of directed unsigned cycles increases monotonically with respect to order n. From energy formulae for positive and negative sidirected cycles, the following two results are immediate.
Theorem 3.1. Among all non cycle balanced unicyclic sidigraphs on n vertices, the cycle has the largest energy. Moreover, energy of negative cycles increases monotonically with respect to the order. Minimal energy is attained in C 2 , a negative cycle of order 2. One of the fundamental results in theory of graph energy is Coulsons integral formula. We now state Coulsons integral formula for energy of sidigraphs. The proof is similar as in digraphs.
Theorem 3.3. Let S be a sidigraph with n vertices having characteristic polynomial φ S (x). Then
)dx, where z 1 , z 2 , · · · , z n are the eigenvalues of sidigraph S and and hence
An immediate consequence of Coulson's integral formula is the following observation, the proof of which is similar to the case in unsigned digraphs.
Corollary 3.5. If S is a sidigraph on n vertices, then
Pena and Rada [15] considered the problem of increasing property of the energy in digraphs, It is natural to consider the same problem for sidigraphs.
Let S n,h denote the set of sidigraphs with n vertices and every cycle having length h. First we shall calculate characteristic polynomial of such sidigraphs. ⌋}. Define a quasi order relation over S * n,h as follows. Let S 1 and S 2 be two elements of S * n,h . Define
Clearly, this is a reflexive and transitive relation over
Theorem 3.8. Let h be an integer of the form 4t + 2, t ≥ 0. The energy increases with respect to quasi-order relation defined over S * n,h , i.e., if
Proof. Let H ∈ S * n,h , by Theorem 3.6, we have
Applying Corollary 3.5, we have
x 2 = 0, where p.v. stands for principal value of Cauchy's integral. It is clear from above energy expression that energy increases with respect to quasi-order relation defined over S * n,h .
NEPS in sidigraphs
Recall that [13] Kronecker product of two matrices A = (a ij ) r×s and B = (b ij ) t × u denoted by A⊗B is matrix of order rt×su obtained by replacing each entry a ij of A by a block a ij B. Thus A⊗B consists of all rtsu possible products of an entry of A with an entry of B. The Kronecker product is a componentwise operation, i.e., (A⊗B)(C ⊗D) = (AC)⊗(BD), provided the products AC and BD exist. This operation is also associative, so we can define the multiple product A 1 ⊗ A 2 ⊗ · · · ⊗ A m . Let order of A i be r i × s i . We index elements of A i by a i ; jk, and those of multiple product by a pair of m−tuples, a row index j = (j 1 , j 2 , ·, j m ) and a column index k = (k 1 , k 2 , · · · , k m ), where 1 ≤ j i ≤ r i and 1 ≤ k i ≤ s i . The element a jk of the product matrix is a jk = a 1;j 1 k 1 a 2;j 2 k 2 · · · a m;jmkm .
Lemma 4.1 [8] . Let A i , i = 1, 2, · · · , m, be a square matrix of order n i and ξ ij , j = 1, 2, · · · , n i be its eigenvalues. Let k 1 , k 2 , · · · , k m be non-negative integers, then the n 1 n 2 · · · n m eigenvalues of the matrix A
For NEPS in graphs see [6, 21] . The following definition extends this concept to sidigraphs. Definition 4.2. Let B be a set of binary n−tuples called basis for the product such that for every i = 1, 2, · · · , n there exists β ∈ B with β i = 1. The non-complete extended p−sum (or simply called NEPS) of sidigraphs S 1 , S 2 , · · · , S n with basis B denoted by NEPS(S 1 , S 2 , · · · , S n ; B) is a sidigraph with vertex set
There is an arc from vertex (u 1 , u 2 , · · · , u n ) to (v 1 , v 2 , · · · , v n ) if and only if there exists (β 1 , β 2 , · · · , β n ) ∈ B such that (u i , v i ) ∈ A(S i ) whenever β i = 1 and u i = v i whenever β i = 0. The sign of the arc is given by
Assume that the basis B has r ≥ 1 elements, i.e., β = {β 1 , β 2 , · · · , β r } ⊆ {0, 1} n \{(0, 0, · · · , 0)}, we define NEPS(S 1 , S 2 , · · · , S n ; B) = β∈B NEPS(S 1 , S 2 , · · · , S n ; β).
Example 4.3. The Kronecker product S 1 ⊗ S 2 ⊗ · · · ⊗ S n of sidigraphs S 1 , S 2 , · · · , S n is the NEPS of these sidigraphs with basis β = {(1, 1, · · · , 1)}; the cartesian product S 1 × S 2 × · · · × S n is NEPS with basis {e i }, i = 1, 2, · · · , n, where e i is n−tuple with 1 at ith position and 0 otherwise.
The following result shows that two different basis give disjoint arc sets. The proof is straightforward.
Lemma 4.4. Let S = NEPS (S 1 , S 2 , · · · , S n ; β) and S ′ = NEPS (S 1 , S 2 , · · · , S n ; β ′ ),
The following result gives adjacency matrix and spectra of NEPS in terms of the constituent factor sidigraphs.
Theorem 4.5. If S =NEPS(S 1 , S 2 , · · · , S n ; B), then the ajacency matrix is given by
and eigenvalues are given by
The second part of the result follows by Lemma 4.1.
We note two special cases of Theorem 4.5.
In [8] the authors considered the problem of balance in NEPS of sigraphs. It is natural to consider the problem of cycle balance for sidigraphs, in view of Theorem 1.3, the cartesian product S 1 × S 2 × · · · × S n of sidigraphs S 1 , S 2 , · · · , S n , is cycle balanced if and only if S i , i = 1, 2, · · · , n is cycle balanced. The next result gives sufficient but not necessary condition for cycle balance of NEPS and the proof follows on same lines as that in undirected case.
Theorem 4.6. NEPS(S 1 , S 2 , · · · , S n ; B) is balanced if S 1 , S 2 , · · · , S n are cycle balanced. Proof. Theorem 1.3 implies equivalence of (I) and (III) and Theorem 4.6 implies equivalence of (I) and (II).
Upper bounds for the energy of sidigraphs
Let S be a sidigraph of order n with adjacency matrix A(S) = (a ij ). The powers of A(S) count the number of walks in signed manner. Let w Lemma 5.3. Let S be a sidigraph having n vertices and a arcs and let z 1 , z 2 , · · · , z n be its eigenvalues. Then
Proof. By Corollary 5.2 , we have
ℜz j ℑz j .
Equating real and imaginary parts proves (I). By Schur's unitary triangularization, there exists a unitary matrix U such that adjacency matrix A of sidigraph S is unitarily similar to an upper triangular matrix T = (t jk ) with
thereby proving (II).
Theorem 5.4. Let S be a sidigraph with n verices and a = a + + a − arcs, and let
n(a + c 
Remark 5.5. (I) The upper bound in Theorem 5.4 is attained by sidigraphs S 1 = (
, and skew-smmetric sidigraph of order n. Note that eigenvalues of S 1 and S 2 are −1, +1 each repeated n 2 times and eigenvalues of skew symmetric sidigraph of order n are 0 n−2 , ±ι √ n − 1. (II). Above result extends McClleland's inequality for sigraphs [9] which states that E(Σ) ≤ √ 2pq, holds for every sigraph with p vertices and q edges. Let ← → Σ be the symmetric sidigraph of sigraph Σ, then in ← → Σ , a = 2q = c
The following result gives sharp upper bound of energy of sidigraphs in terms of number of arcs. The proof is same as in unsigned case. Remark 5.7. Theorem 5.6 extends the result for sigraphs [9] , which states that E(Σ) ≤ 2q for every sigraph with q edges with equality if and only if Σ = (
plus some isolated vertices.
Equienergetic sidigraphs
Two sidigraphs are said to be isomorphic if their underlying digraphs are isomorphic such that signs are preserved. Any two isomorphic sidigraphs are obviously cospectral. There exist nonisomorphic sidigraphs which are cospectral, e.g., consider the sidigraphs S 1 and S 2 shown in Figure 2 . Clearly, S 1 and S 2 are nonisomorphic. Two nonisomorphic sidigraphs S 1 and S 2 of same order are said to be equienergetic if E(S 1 ) = E(S 2 ). In [20] Rada proved the existence pairs of non-symmetric equienergetic digraphs on n ≥ 3 vertices. Cospectral sidigraphs are obviously equienergetic, therefore problem of equienergetic sidigraphs reduces to problem of construction of noncospectral pairs of equinergetic sidigraphs such that for every pair not both sidigraphs are cycle balanced. The problem of construction of equienergetic sigraphs is an open problem [7] and for equienergetic graphs see [4, 19] .
Theorem 6.1. Let S be a sidigraph of order n having eigenvalues z 1 , z 2 , · · · , z n such that |ℜz j | ≤ 1 for every j = 1, 2, · · · , n. Then E(S × ← → K 2 ) = 2n. Proof. Let z 1 , z 2 , · · · , z t be eigenvalues with nonnegative real part and z t+1 , · · · , z n be those with negative real part. Eigenvalues of cartesian product S × ← → k 2 are z 1 ± 1, z 2 ± 1, · · · , z t ± 1, z t+1 ± 1, · · · , z n ± 1. Therefore
(|ℜz j + 1| + |ℜz j − 1|) + n j=t+1 (|ℜz j + 1| + |ℜz j − 1|).
As |ℜz j | ≤ 1 for all i = 1, 2, · · · , n, it follows that
(ℜz j + 1 + 1 − ℜz j ) + n j=t+1
(1 − ℜz j + ℜz j + 1) = 2t + 2(n − t) = 2n.
Corollary 6.2. For n ≥ 2, E(C n × ← → K 2 ) = E(C n × ← → K 2 ) = 2n. Moreover, C n × ← → K 2 and C n × ← → K 2 are noncospectral sidigraphs with 2n vertices. Proof. We know that eigenvalues of C n are e ι(2j+1)π n , j = 0, 1, · · · , n − 1 and those of C n are e 2ιjπ n , j = 0, 1, · · · , n − 1. Clearly, eigenvalues of C n and C n meet requirement of Theorem 6.1, so E(C n × ← → K 2 ) = E(C n × ← → K 2 ) = 2n. Moreover, 2 / ∈ spec(C n × ← → K 2 ) but 2 ∈ spec(C n × ← → K 2 ) implying that C n × ← → K 2 and C n × ← → K 2 are non cospectral. Number of vertices in both sidigraphs is 2n follows by definition of cartesian product. In view of Theorem 1.3, C n × ← → K 2 is non cycle balanced whereas C n × ← → K 2 is cycle balanced.
Example 6.3. For each odd n, C n and C n is a non co-spectral pair of equienergetic sidigraphs, because Spec(C n ) = −Spec(C n ) and 1 / ∈ spec(C n ) but 1 ∈ spec(C n ).
From Corollary 6.2 and Example 6.3, we see that for each positive integer n ≥ 3 there exits a pair of non co-spectral sidigraphs with one sidigraph cycle balanced and another non cycle balanced. We now construct pairs of non cospectral sidigraphs of order 2n, n ≥ 5 with both constituents non cycle balanced. Let P Theorem 6.7. Energy of a sidigraph cannot be of the form (I) (2 t s) is non-integral rational number and r ≥ 1. Proof. Let S be a sidigraph with adjacency matrix A(S). Apply Theorem 6.6 to A(S) and note that E(S) = n j=1 |ℜz j |, the result follows.
Open problems
We conclude this paper with the following open problems.
(1) Characterize sidigraphs with energy equal to the number of vertices. (2) Find an infinite family of noncospectral equienergetic sidigraphs on n ≥ 4 vertices with both constituents non cycle balanced. (3) Determine bases other than {e i } for which converse of Theorem 4.7 holds.
